We show a method to accelerate quantum adiabatic transport of identical spinless particles interacting with each other by developing the preceding fast-forward scaling theory formed for one-particle systems [Masuda and Nakamura, Proc. R. Soc. A 466, 1135 (2010)]. We derive a driving potential which accelerates adiabatic dynamics of quantum systems composed of identical particles in order to obtain the final adiabatic states in any desired short time. We also exhibit an ideal rapid manipulation of dilute Bose gas in the ground state without energy excitation by using the fast-forward scaling theory.
I. INTRODUCTION
Technology to manipulate quantum states is rapidly evolving, and various methods to control quantum states have been reported in Bose Einstein condensates (BEC) [1] [2] [3] [4] , in quantum computing [5] and in many other fields of applied physics. It would be very important to consider the acceleration of such manipulations of quantum states for manufacturing purposes and for innovation of technologies. Earlier we proposed the acceleration of quantum dynamics [6] and quantum adiabatic dynamics [7, 8] . The theory is called fast-forward scaling theory" or "fast-forward theory". We derived a driving potential which accelerates given quantum dynamics and generates exactly a target states in any desired short time, where the target state is defined as the final state in the given original dynamics.
The acceleration of quantum adiabatic dynamics is very important for many current and future technologies. Adiabatic manipulations seem to be an ideal method for the control of quantum systems because of the adiabatic theorem [9] . However adiabatic dynamics can take too long time compared with the lifetime or coherent time of the system [10] . Acceleration of adiabatic dynamics overcomes the difficulty. Various methods of acceleration of adiabatic dynamics or shortcut to adiabaticity have been proposed: fast-forward scaling theory [7, 8] , frictionless quantum driving [11] and invariant-based inverse engineering [12] . Recently applications of these methods to the control of BEC have been proposed theoretically [7, [13] [14] [15] [16] , and been demonstrated experimentally [17] [18] [19] . However, the range of applications of the methods is still limited in simple cases. Construction of the theory for many-body systems and for more general controls is important and useful for various kinds of manipulations of quantum systems.
In this paper we extend the previous scheme of the acceleration of adiabatic dynamics to many-body systems. Our theory combines opposite ideas: the infinitely fast acceleration and ultimately slow adiabatic dynamics, and uses a space-dependent additional phase to give the driving potential. We exhibit acceleration of adiabatic transport of identical spinless particles interacting with each other. We show a driving potential which conveys the interacting particles without energy excitation. We also propose an ideal rapid manipulation of dilute Bose gas in the ground state. By using the method, the final state of the Bose gas in the original adiabatic dynamics is generated in any short time without energy excitation. In Section II we derive a formula of the driving potential for many-body system composed of identical spinless particles. In Section III we exhibit acceleration of adiabatic transport of interacting particles and rapid manipulations of dilute Bose gas by using fast-forward scaling theory. Section IV. is devoted to conclusion.
II. FAST-FORWARD THEORY IN MANY-BODY SYSTEMS
We extend the framework of the fast-forward theory formed for one-particle systems to many-body systems composed of identical spinless particles. We derive a driving potential which realizes the final state of a given original dynamics from its initial state. First we shall derive a formula of the driving potential for (non-adiabatic) standard dynamics as a preparation for the acceleration of adiabatic dynamics. The formula is used in the derivation of a driving potential for adiabatic dynamics.
A. Standard fast-forward
We consider a system composed of N identical spin-less particles interacting with each other. Hamiltonian is given by
where j denotes the particles, and m is mass. {r} = (r 1 , r 2 , · · · , r N ) denotes a set of coordinates of all the particles. V e is an external potential expressed by one-particle operators v e (r, t) as
V I is a time-independent interaction potential which is a function of the relative positions of the particles. Ψ 0 = Ψ 0 ({r}, t) is a many-body wave function ruled by H 0 . We call Ψ 0 standard state. Instead of a simply accelerated state of Ψ 0 we consider the fast-forwarded state Ψ F F defined by
with the additional phase f ({r}, t) ∈ R, because it is not possible to realize the simply accelerated state Ψ 0 ({r}, Λ(t)) [6] . Λ(t) is defined as
where α(t) ∈ R is the magnification factor of the fast-forward which characterizes the intensity of the acceleration. Time-dependence of α is tuned so that the additional phase f disappears at the initial and final time of the acceleration (The detail is shown later). We define Ψ 0 at time T as the target state. And arbitrary time T F > 0 is the final time of the acceleration. α relates T F and T through
Driving Hamiltonian for Ψ F F is assumed as
where V F F is called driving potential. Schrödinger equation is represented as
By using Eq.(3) and Schrödinger equations for Ψ 0 and Ψ F F we can derive the equation
where f ({r}, t) is abbreviated by f . By decomposing Eq. (8) into real and imaginary parts,
we can obtain the driving potential and the additional phase as
and
respectively. In Eq.(9) f , α, Ψ 0 , V e abbreviate f ({r}, t), α(t), Ψ 0 ({r}, Λ(t)) and V e ({r}, Λ(t)), respectively. We suppose η({r}, t) ∈ R is the phase of Ψ 0 ({r}, t), i.e.,
whereΨ 0 is the real amplitude of Ψ 0 . Because f in Eq. (10) includes the factor α(t) − 1, the additional phase disappears everywhere when α = 1. Therefore we tune α so that α becomes unity at the initial and the final time of the acceleration and Eq. (5) is satisfied. In Eq. (9), a space-independent term was neglected, because it is concerned only with the space independent phase on Ψ F F and we are not concerned about it.
We should note that, although V F F accelerates the dynamics, we can not generate V F F in general because we can not control general many-body potentials. This scheme is basically applicable when V F F in Eq. (9) is expressed in terms of one-body operators v F F as
In the next section such accelerations are shown after extending the above formula for acceleration of adiabatic dynamics in the following subsection.
B. Acceleration of adiabatic dynamics
We derive a driving potential which accelerates adiabatic dynamics by using the formula in the previous subsection. We consider adiabatic dynamics of a system composed of N spin-less particles. Hamiltonian is given by
External field V e is a function of an adiabatic parameter R defined by
R 0 is the initial value of R. The constant value ε is the rate of adiabatic change in R(t). ε is infinitesimally small, ε ≪ 1. V I is a time-independent interaction potential. We suppose that the system is in n-th energy eigenstate of an instantaneous Hamiltonian H(R) in the adiabatic dynamics. Wave function is represented as
where φ n ({r}, R) is the n-th energy eigenstate of the instantaneous Hamiltonian. E n is the eigenenergy. γ(t) is an adiabatic phase. φ n satisfies
Now we consider the acceleration of the adiabatic dynamics. The wave function and
Hamiltonian should be regularized [7] , because we need a standard state which satisfies
Schrödinger equation up to O(ε) to apply the theory developed in the previous subsection.
Standard wave function is modified with a phase εθ({r}, t) as
The regularized standard Hamiltonian is defined as
θ = θ({r}, t) andṼ = ({r}, t) are introduced so that the Schrödinger equation:
is satisfied up to O(ε). Then θ should satisfy
AndṼ is given byṼ
We define a fast-forwarded state and driving Hamiltonian with Ψ
where f is the additional phase. Λ(t) is defined by Eq.(4). We take the limit: ε → 0,
, that is, we consider the infinitely fast acceleration of the ultimately slow dynamics. α relates initial (R 0 ) and final (R 1 ) values of the adiabatic parameter as
where T F is the arbitrary final time of the acceleration. By using Eq.(15) in the Schrödinger equation of Ψ F F we can obtain the driving potential and the additional phase in an analogous manner to [7] as
respectively. In Eqs.(24) and (25) α(t), θ {r}, R(Λ(t)) and φ n {r}, R(Λ(t)) are abbreviated by α, θ and φ n , respectively. In Eq.(24) we omit the terms which are space-independent because they concern only with space-independent phase. εα is tuned to be zero at the initial and final time of the acceleration so that the additional phase in Eq.(25) vanishes. It should be emphasized that the driving potential should be one-particle potential, because we can not control general many body potentials. Thus the driving potential should be written as Eq. (11). Moreover the additional phase must not change the statistics of the system. In general, the driving potential in Eq. (24) can not be represented as Eq. (11) because it can contain unrealizable many-body potential. However in some specific but important manipulations, the driving potential becomes a one-particle potential. Such manipulations are exhibited in the following section.
III. APPLICATIONS A. Acceleration of adiabatic transport of identical particles
We consider adiabatic transport of identical particles trapped in an external potential.
The particles are conveyed into x−direction by a driving potential. We assume that the system is in the n-th energy eigenstate of the instantaneous Hamiltonian. φ n in Eq. (16) is represented with φ ′ n as
where φ ′ n ({r}) is a stationary wave function of n-th energy eigenstate trapped by a stationary potential V ′ e ({r}). External potential V e in Eq. (17) is written by V ′ e as V e ({r}, R(t)) = V ′ e ({x − R(t), y, z}).
The fast-forwarded state is defined by Eq.(21) with φ n in Eq.(26). The phase θ({r}, t) of wave function in Eq. (16) is a solution of Eq. (19) . Noting that
we obtain the solution as
On the other hand, it turns out thatṼ in Eq.(20) vanishes everywhere. Substituting Eq. (29) into Eq.(24) we obtain the driving potential as
Therefore by applying the driving potential
we can accelerate trapped particles without energy excitation at the final time of the transport. The wave function of fast-forwarded state has the additional phase in Eq.(25) during the transport. The additional phase does not change the statistics of the system because θ is given by Eq.(29). αε is chosen to be zero at the initial and final time of the transport so that the additional phase vanishes and the fast-forwarded state coincides with the target state. Distance of the transport is given by ε
Moreover, although we have considered energy eigenstates so far, it turns out from Eq.(31) that the driving potential can transport not only energy eigenstates but also general states which is a superposition of energy eigenstates because the driving potential does not depend on energy levels.
B. Rapid manipulation of dilute Bose gas in ground state
We propose an ideal rapid manipulation of dilute Bose gas in the ground state by using fast-forward scaling theory. Let us suppose that a system is composed of N identical Bose particles with mass m. We assume that the wave function of the ground state is represented as
for an instantaneous Hamiltonian H(R), where ϕ is a one-particle wave function parameterized by R (mean field approximation [20] ). In general ϕ is not the wave function of the ground state of an non-interacting boson. We consider acceleration of the adiabatic dynamics of the Bose gas. Naive controls of external field without fast-forward theory would make the state much more complex than that in Eq.(32) with energy excitation. By using fast-forward theory we can transform the state from φ n ({r}, R 0 ) to φ n ({r}, R 1 ) in any short time, where R 0 and R 1 are the initial and final values of the adiabatic parameter.
Equation (19) is rewritten by using Eq.(32) as
where ϕ j denotes ϕ(r j , R). In the derivation of Eq.(33) we used
We assume the form of θ as
where a(r j , R) is real. Substituting Eq.(36) in Eq.(33) it turns out that a j is obtained by
Let us suppose that ξ(r, R) is the phase of ϕ(r, R). Then the phase η({r}, R) of φ n ({r}, R)
is written as
By using Eqs.(34)-(38) in Eq. (24), we obtain the driving potential as
with
In Eq.(40) α, a j , ϕ j and ξ j abbreviate α(t), a(r j , R(Λ(t))), ϕ(r j , R(Λ(t))) and ξ(r j , R(Λ(t))),
respectively. The driving potential in Eq.(39) is composed of one-body operators. These results insist that if the ground state of dilute Bose gas is represented by Eq.(32), we can transform the Bose gas from a ground state to another corresponding to a different adiabatic parameter R in any desired short time.
IV. CONCLUSION
We have presented the acceleration of adiabatic dynamics of quantum systems composed of identical spinless particles interacting with each other. We have derived a driving potential, which accelerates the adiabatic dynamics, by extending the preceding fast-forward scaling theory formed for single particle systems. The driving potential produces the final state of an original adiabatic dynamics from the initial state of the adiabatic dynamics in any desired short time. There is no energy excitation at the final time of the manipulation. Although the driving potential is a many-body potential in general, it becomes a one-body potential for particular manipulations: transport of interacting identical particles and control of dilute Bose gas in the ground state. We have showed a driving potential for acceleration of adiabatic transport of interacting particles. The driving potential, which is linear and time-dependent, transports particles without energy excitation. It was proven that the driving potential conveys not only energy eigenstates but also general states which is a superposition of energy eigenstates because the driving potential does not depend on energy levels.
We have also showed an ideal rapid manipulation of a dilute Bose gas in the ground state.
We have derived a formula of the driving potential which accelerates adiabatic dynamics of the Bose gas with the mean field approximation as Eq.(32). Naive rapid control of external fields without fast-forward theory would deform the states into more complex feature.
However our results insists that we can transform a dilute Bose gas from an initial ground state to another corresponding to a different external field without leaving disturbances in the wave function in any short time if the ground state is well represented by the mean field approximation.
